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Abstract Let R be an open Riemann surface. In this paper we
prove that every continuous function M → Rn, n ≥ 3, defined on a
divergent Jordan arc M ⊂ R can be approximated in the Carleman
sense by conformal minimal immersions; thus providing a new gen-
eralization of Carleman’s theorem. In fact, we prove that this result
remains true for null curves and many other classes of directed holo-
morphic immersions for which the directing variety satisfies a certain
flexibility property. Furthermore, the constructed immersions may
be chosen to be complete or proper under natural assumptions on
the variety and the continuous map.
As a consequence we give an approximate solution to a Plateau
problem for divergent Jordan curves in the Euclidean spaces.
Keywords Minimal surface, Riemann surface, Carleman theorem,
directed holomorphic curve, Oka manifold.
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1. Introduction
Carleman’s theorem [11] is a result from the early 20th century that asserts: given
a complex valued function f : R → C and a strictly positive function ǫ : R → R+,
there exists an entire function g : C→ C such that |f(x)−g(x)| < ǫ(x) for every x ∈
R. Observe that the conclusion of this theorem is better than uniform approximation
on R by entire functions. In this paper we are interested in whether there are
analogues of Carleman’s theorem in the context of minimal surface theory; a classical
and important area of geometry research. This is a timely question because recent
connections between complex analysis and minimal surface theory have seen classical
approximation results, in particular those of Runge and Mergelyan, proven in the
context of minimal surface theory, see [8, 3]. In this paper, we prove the following
analogue of Carleman’s theorem for conformal minimal immersions in Rn.
Theorem 1.1 (Carleman theorem for conformal minimal immersions). Let S be
a Carleman admissible subset, see Definition 2.1, contained in an open Riemann
surface R. Given a conformal minimal immersion X : S → Rn, n ≥ 3, and a
positive function ǫ : S → R+, there exists a complete conformal minimal immersion
X˜ : R → Rn such that
‖X˜(p)−X(p)‖ < ǫ(p), p ∈ S.
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If in addition n ≥ 5, then we may ensure that X˜ is also injective.
By a conformal minimal immersion X : S → Rn, n ≥ 3, defined on a Carleman
admissible subset S = M ∪ K (see Def. 2.1) we mean a continuous map X such
that X|K is a conformal minimal immersion in the usual sense, where K is by
definition a union of compact subsets of R. Smooth properly embedded images of
R in arbitrary open Riemann surfaces are basic examples of Carleman admissible
subsets, see Example 2.2. For these examples, the assumption on X in Theorem 1.1
is simply that X is continuous along S.
In fact we prove that the previous result remains true not only for minimal
surfaces, but also for directed immersions: a more general family of holomorphic
immersions which includes null curves. A null curve is a holomorphic immersion
F : R → Cn directed by the null quadric
(1.1) A := {z ∈ Cn : z21 + . . .+ z
2
n = 0}.
This family of holomorphic immersions is closely related to conformal minimal sur-
faces in the sense that the real and imaginary part of a null curve is a conformal
minimal immersion. Conversely, any conformal minimal immersions defined over a
simply connected domain is the real (or imaginary) part of a null curve. Recent
techniques coming from complex analysis have been used in the study of minimal
surfaces, see §2.1 or the survey [7] for more details.
Theorem 1.2 (Carleman theorem for directed immersions). Let R and S ⊂ R be
as in Theorem 1.1. Let S be an irreducible closed conical subvariety in Cn, n ≥ 3,
which is contained in no hyperplane and such that S \ {0} is an Oka manifold.
For every S-immersion F : S → Cn (see Def. 2.3) and every positive continuous
function ǫ : S → R+, there is an injective S-immersion F˜ : R → C
n such that
‖F˜ (x)− F (x)‖ < ǫ(x), for every x ∈ S.
Strictly speaking, by applying [2, Lemma 3.3] infinitely often, it is enough to assume
that F is a continuous map such that F |K is anS-immersion. In particular, when the
Carleman admissible set S is a Jordan arc, Theorem 1.2 holds for maps F : S → Cn
which are merely continuous on S. However, adding the assumption that F is C 1
means our notion of S-immersion is consistent with the notion introduced in [3, 6].
Theorem 1.2 is going to be proved as a consequence of a more general result that
involves in addition jet-interpolation of finite order at a discrete subset of R which
is stated and proved in §3, see Theorem 3.2. Furthermore, we may prove global
properties for the solutions that we construct. The next result shows that the
approximation may be done by complete S-immersions under natural assumptions
on S.
Theorem 1.3. The S-immersion F˜ : R → Cn, n ≥ 3, constructed in Theorem
3.2 (and in particular in Theorem 1.2) may be chosen to be complete provided that
S∩ {z1 = 1} is an Oka manifold and the coordinate projection π1 : S→ C onto the
z1-axis admits a local holomorphic section h near z = 0 ∈ C with h(0) 6= 0.
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On the other hand, for proper immersions we have the following result.
Theorem 1.4. The S-immersion F˜ : R → Cn, n ≥ 3, constructed in Theorem 3.2
(and in particular in Theorem 1.2) may be chosen to be proper provided that the
restricted map F |S∪Λ is proper and that S ∩ {zj = 1} is an Oka manifold and the
coordinate projection πj : S→ C onto the zj-axis admits a local holomorphic section
hj near z = 0 ∈ C with hj(0) 6= 0 for all j = 1, . . . , n.
The additional assumptions on S in Theorems 1.3 and 1.4 are in particular satis-
fied by the null quadric A and hence Theorem 1.2 is applicable to null curves, that
is, to holomorphic immersions directed by the null quadric. Hence, Theorem 1.2
applies to conformal minimal immersions X with vanishing flux; see §2.1 for details.
Moreover, by modifying the proof slightly we may prove a more general result that
ensures also control of the flux map, jet interpolation on a closed and discrete subset
of R, properness of X˜ if the image of M by X is proper, and injectivity of X˜ if
n ≥ 5, see Theorem 6.1.
The usual way, based on the ideas of Jorge and Xavier [21] and Nadirashvili
[26], to ensure completeness when constructing a conformal minimal immersion is
to approximate a concrete map defined on a labyrinth which has certain desirable
properties. This method does not seem applicable here because M impedes our
ability to construct such a labyrinth. Therefore, we develop a new technique to prove
completeness in Theorem 1.3 that makes use of a different type of approximating
set. This new approach may also be used to simplify the proofs of the previous
results.
Several applications of our results are presented in §7. These applications include
an approximate solution to the Plateau problem for divergent paths or an example
of a minimal surface approximately containing every conformal minimal surface
D→ Rn to any degree of accuracy, see Corollary 7.3 and Corollary 7.5 respectively.
We give an alternative proof that the set of all conformal minimal immersions with
dense image is dense in the space of all conformal minimal immersions, see Corollary
7.4. We will also show, Corollary 3.6, that the basic case of our theorem remains true
for (stratified) totally real sets. In particular, combining our results with arguments
from [23] we obtain the following.
(1) A totally real set M ⊂ R admits Carleman approximation by S-immersions if
and only if M is holomorphically convex and has bounded E-hulls.
(2) Suppose S satisfies the additional hypotheses of Theorem 1.2. A totally real set
M ⊂ R admits Carleman approximation by complete S-immersions if and only
if M is holomorphically convex and has bounded E-hulls.
Since the null quadric satisfies the additional hypotheses of Theorem 1.2, see [2,
§2.3], we point out that item (2) holds for null curves.
The main tools we need to prove our Carleman theorem are a Mergelyan type
approximation theorem and a method of gluing. Mergelyan’s theorem and the tools
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needed to prove our gluing lemma, Lemma 3.1, are provided by [2, 3, 6]. In particu-
lar, we find [2, Lemma 3.3] especially useful. We point out that it would not suffice
to simply glue the derivatives and then integrate because, amongst other problems,
the integral is not going to be a gluing in general.
Note that Carleman approximation by holomorphic functions was already well
understood; approximating by holomorphic functions is clearly easier than approxi-
mating by S-immersions since the latter is a more constrained version of the former.
Call a subset E of an open Riemann surface R a Carleman approximation set if for
every continuous function f ∈ C (E) which is holomorphic on the interior of E and
every strictly positive continuous function ǫ ∈ C (E), there exists g ∈ O(R) such
that
(1.2) |f(x)− g(x)| < ǫ(x), for every x ∈ E.
Nersesjan [27] characterised Carleman approximation sets in the planar case in 1971,
and later in 1986 Boivin [10] obtained a characterisation for arbitrary open Riemann
surfaces. Furthermore, sets of Carleman approximation by harmonic functions have
been studied and are well understood for connected open subsets of Rn; see [18].
Carleman’s theorem has also been generalised to higher dimensions. Manne, Øvre-
lid, and Wold [24] obtained a satisfying characterisation for a totally real set M
contained in a Stein manifold X to admit C k-Carleman approximation, k ≥ 1.
Magnusson and Wold [23] showed that if X = Cn then the same characterisation
holds more generally for statified totally real sets and for k ≥ 0. The second au-
thor [12] has also proven Carleman results for maps from Stein manifolds into Oka
manifolds.
The reader may wonder the following. If [12] gives us Carleman approximation
of maps X → Y where X is Stein and Y is Oka, and if S∗ is an Oka manifold,
then is it not the case that Theorem 1.2 (or at least the basic case) follows from
this theorem? The answer to this question seems to be no. The naive idea would be
to approximate the derivative and then integrate to get something approximating
the original S-immersion. However, assuming you were somehow able to fix the
periods, one should not expect the error of the integral function to tend towards
zero as x→∞ as the error might be cumulative. Hence this method would not give
us Carleman approximation (however, it would give uniform approximation on S).
We conclude this introduction by framing some of our results in function theoretic
terms. Let M ⊂ R be a totally real set, see Definition 3.5. For continuous functions
f : M → Cn and ǫ : M → R+ define
[f, ǫ] = {g ∈ C (M,Cn) : ‖f(x)− g(x)‖ < ǫ(x), ∀x ∈M}.
Sets of this form form a basis for the strong topology on C (M,Cn). Denote the
collection of continuous maps M → Cn endowed with this topology by CS(M,C
n).
Let PROP(M,Cn) ⊂ CS(M,C
n) be the set of all proper continuous maps M → Cn.
One can prove that PROP(M,Cn) is an open subset of CS(M,C
n), see [20, Theorem
1.5]. Let ρ : C (R,Cn) → CS(M,C
n) be the restriction operator. By applying [2,
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Lemma 3.3] infinitely often one can prove that the space of S-immersions is dense
in CS(M,C
n). Our main result may thus implies the following:
a) The set ρ(A) is dense in CS(M,C
n), where A is the set of all S-immersions
R → Cn.
For S satisfying the additional hypotheses of Theorem 1.2:
b) The set ρ(B) is dense in CS(M,C
n), where B is the set of all complete
S-immersions R → Cn
c) The set ρ(C) is dense in is dense in PROP(M,Cn), where C is the set of all
proper S-immersions R → Cn.
2. Preliminaries
Let N = {1, 2, 3, . . .}, Z+ = N ∪ {0}, and R+ = (0,∞). Given n ∈ N and
K ∈ {R,C} we denote the Euclidean norm by || · ||, the distance between two points
by dist(·, ·), the length of an arc in Kn by length(·), and the absolute value of a real
(or complex) number by | · |.
Given p ∈ Kn and a positive number r > 0, we denote the ball of radius r centred
at p by
B(p, r) := {x ∈ Kn : ||x− p|| < r}.
Let A be a subset of a topological space T . We denote the closure of A in T by A,
the interior of A in T by A˚, and the boundary of A in T by bA. Given subsets A
and B of T , we use the notation A ⋐ B to mean A ⊂ B˚.
Given a smooth connected surface S (with possibly nonempty boundary) and a
smooth immersion X : S → Kn, we denote by distX : S×S→ [0,+∞) the Riemann-
ian distance induced on S by the Euclidean metric of Kn via X , that is:
distX(p, q) := inf{length(α) : α ⊂ S is an arc connecting p to q}, p, q ∈ S.
In addition, if Q ⊂ S is a relatively compact subset of S, we define
distX(p,Q) := inf{distX(p, q) : q ∈ Q}, p ∈ S.
A divergent path on S is a continuous map γ : [0,+∞) → S such that for every
compact set K ⊂ S there exists t0 ∈ [0,+∞) such that γ(t) 6∈ K for t ≥ t0. An
immersed open surface X : S → Kn, n ≥ 3, is said to be complete if the Riemannian
metric induced by distX is complete; equivalently if for any divergent path γ ⊂ S,
we have that the Euclidean length length(γ) is infinite. On the other hand, an
immersed open surface X : S → Kn is said to be proper if for any divergent path
γ ⊂ S, we have that X(γ) is also a divergent path on Kn.
Let A be a subset of an open Riemann surface R . (Throughout this paper every
Riemann surface will be assumed to be connected.) We denote by O(A) the space
of holomorphic functions A → C defined on some unspecified open neighbourhood
of A in R. In particular, O(R) denotes the space of holomorphic functions R → C.
Let A r(A), r ≥ 0, be the space of C r(A) functions which are holomorphic on the
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interior of A; here C r(A) denotes the space of differentiable functions A→ C up to
order r. For simplicity we write A (A) for A 0(A) and C (A) for C 0(A). Likewise,
we define the spaces O(A, Y ), A r(A, Y ), and C r(A, Y ) of maps A → Y , where Y
is a complex manifold.
Let K be a compact subset of an open Riemann surface R. Define the holomor-
phically convex hull K̂ of K in R by
K̂ :=
{
p ∈ R : |f(p)| ≤ sup
q∈K
|f(q)| for any f ∈ O(R)
}
.
The set K̂ is also referred to as the O(R)-hull of K.
A compact set K ⊂ R is said to be O(R)-convex (sometimes called holomorphi-
cally convex or Runge) if K̂ = K. Equivalent to O(R)-convexity is the condition
that K has no holes, that is, the complement R \ K has no relatively compact
connected components. This is a natural condition to consider in the context of
approximation problems as evidenced by the Runge–Mergelyan Theorem [30, 25, 9]
which states that every function in A (K) is uniformly approximable by entire func-
tions ifK is O(R)-convex. Observe that these functions are precisely those one could
hope to approximate on K because the uniform limit of holomorphic functions is
holomorphic.
Now suppose that E ⊂ R is a closed, but not necessarily compact, subset. Fol-
lowing [24] we define the hull of E to be
Ê =
⋃
j∈N
Êj ,
where {Ej}j∈N is some compact exhaustion of E. This definition is independent of
the choice of exhaustion. For if {Ej1} and {E
j
2} were two exhaustions for E then
simply interweaving the compact sets in the sequence leads to a new exhaustion
E11 ⊂ E
µ1
2 ⊂ E
ν1
1 ⊂ E
µ2
2 ⊂ . . .
which gives the same hull as {Ej1}j∈N and {E
j
2}j∈N do since K̂ ⊂ L̂ whenever K ⊂
L ⊂ R are compacts. We say that a noncompact subset E ⊂ R is O(R)-convex (or
holomorphically convex) if Ê = E.
For a closed set E ⊂ R we define
h(E) = Ê \E.
We shall say that a set E has bounded exhaustion hulls (or bounded E-hulls) if
for every compact set K ⊂ R we have that h(K ∪ E) is compact. In the case
where R = C this condition is equivalent to the complement CP1 \ E being locally
connected at ∞.
The utility of the bounded E-hull condition for us is that it provides us with nice
compact exhaustions ofR with respect to E. Such exhaustions are used to prove our
main results. More precisely, if a subset E ⊂ R is O(R)-convex and has bounded
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E-hulls, then there is a compact exhaustion {Kj}j∈N of R by O(R)-convex subsets
such that Kj ∪ E is O(R)-convex for every j ∈ N, see [12, Lemma 2.2].
A smooth Jordan arc inside of R is the image γ(I) of an interval I ⊂ R under a
smooth map γ : I → R which is injective except perhaps at the endpoints of I; for
example, a divergent arc or a closed Jordan curve. A family {Aj}j∈J of subsets of
R is called locally finite if for each p ∈ R there is a neighbourhood V ⊂ R of p such
that V ∩Aj = ∅ for all but finitely many j ∈ J .
We proceed to define the type of subsets and maps we are going to deal with along
the paper. A closed subset S ⊂ R is called an admissible subset if S = M∪K, where
K is the union of a locally finite pairwise disjoint collection of smoothly bounded
compact domains, and M is the union of a locally finite pairwise disjoint collection
of smooth Jordan arcs, so that each Jordan arc intersects the boundary of each
compact domain only at its endpoints, if at all, and so that all such intersections are
transverse. This notion generalises the (compact) admissible subsets introduced by
[3, 4] to the unbounded setting. For the purpose of the paper we state the following
definition.
Definition 2.1. We will call an admissible set which is holomorphically convex and
has bounded exhaustion hulls a Carleman admissible subset. These are precisely
the sets on which we can prove Theorem 1.2.
The following gives us many basic examples of Carleman admissible sets (with K
empty).
Example 2.2. A smooth properly embedded image of R in an arbitrary open Rie-
mann surface R is holomorphically convex and has bounded E-hulls.
Note that this statement is false if we omit the word ‘properly’, see [17, p.141] for
examples.
Proof. Let R be an open Riemann surface, γ : R → R be a smooth proper em-
bedding, and M = γ(R). For each j ∈ N define M j := γ([−j, j]). Observe that
(M j)j∈N is a compact exhaustion of M . For each j ∈ N we have that M̂ j = M
j
because the complement of M j is connected and not relatively compact. Hence M
is O(R)-convex.
Now, suppose that K is a compact subset ofR. Without loss of generality assume
thatM ∩K 6= ∅. Since γ is proper, the set γ−1(K) is compact. Suppose that [a, b] is
the convex hull of γ−1(K). Let K ′ be the holomorphically convex hull of K∪γ([a, b])
in R. Note that K ′ is O(R)-convex and hence R \ K ′ has no relatively compact
connected components.
One can easily verify using the properness and injectivity of γ that whenever
t < a or t > b we have that γ(t) 6∈ K ′. Let U ⊂ R be the connected component
of the complement of K ′ containing γ((−∞, a)). Clearly the set U \ γ([a − j, a))
is connected for every j ∈ N (one can see this using the tubular neighbourhood
theorem for example). Also, clearly U \ γ([a− j, a)) is not relatively compact since
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any divergent sequence in U can be perturbed so as to avoid γ([a− j, a)). Hence the
complement of K ′ ∪ γ([a − j, a]) has no relatively compact connected components
and therefore is O(R)-convex. We may apply the same reasoning to prove that
Kj := K ′ ∪ γ([a− j, a]) ∪ γ([b, b+ j])
is O(R)-convex, here we also need γ([a − j, a)) ∩ γ((b, b + j]) = ∅ which is true by
injectivity.
The sequence (Kj)j∈N is a compact exhaustion of K
′ ∪ M by holomorphically
convex compact subsets. Therefore K ′ ∪M is O(R)-convex and hence h(K ∪M) ⊂
K ′, so the hull h(K ∪M) is compact, as required. 
Let S be a closed conical complex subvariety of Cn, n ≥ 3, a holomorphic immer-
sion R → Cn is said to be an S-immersion if its complex derivative F ′ with respect
to any local holomorphic coordinates on R assumes values in S∗ := S \ {0}. If
L ⊂ R is a compact subset of R, by an S-immersion L→ Cn we mean a A 1(L,Cn)
map in L that is an S-immersion in L˚. More generally, we can define the notion of
an S-immersion on a Carleman admissible set as follows.
Definition 2.3. Let S = M ∪K ⊂ R be a Carleman admissible subset, see Defi-
nition 2.1, a map F : S → Cn is said to be an S-immersion if F is a map of class
A 1(S,Cn) such that F |K is an S-immersion and the derivative F
′(t) with respect
to any local real parameter t on M belong to S∗.
Strictly speaking we only need assume that F is of class A (S,Cn) and F |K is an
S immersion of class A 1(K,Cn), by Mergelyan’s theorem and [2, Lemma 3.3]. How-
ever, making this assumption means that our notion of S-immersion is consistent
with the notion introduced in [3, 6].
2.1. Contemporary complex analytic methods in the study of minimal
surfaces. Minimal surface theory and complex analysis have enjoyed a fruitful re-
lationship for many years due to the Weierstrass representation formula. Recall that
if R is an open Riemann surface, a conformal immersion X : R → Rn is minimal if
and only if X is a harmonic map. Moreover, denoting by ∂ the C-linear part of the
exterior differential d, we have that ∂X = (∂X1, . . . , ∂Xn) is a nowhere vanishing
holomorphic 1-form verifying
(2.1) ∂X21 + · · ·+ ∂X
2
n = 0 and |∂X1|
2 + · · ·+ |∂Xn|
2 6= 0.
In this situation, ℜ(∂X) is an exact 1-form onR and the flux map ofX is determined
by the group morphism FluxX : H1(R;Z) → R
n, of the first homology group of M
with integer coefficients, defined by
(2.2) FluxX(γ) =
∫
γ
ℑ(∂X) = −ı
∫
γ
∂X, γ ∈ H1(R;Z).
Conversely, any holomorphic 1-form Φ = (φ1, . . . , φn) never vanishing on R, veri-
fying (2.1), and such that ℜ(Φ) is an exact 1-form on R determines a conformal
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minimal immersion X : R → Rn with ∂X = Φ via the Weierstrass representation
formula
(2.3) X(p) = X(p0) + 2
∫ p
p0
ℜ(Φ), p ∈ R,
for any fixed point p0 ∈ R and initial conditionX(p0) ∈ R
n. For a standard reference
see [28]. More recently, tools from holomorphic elliptic geometry have emerged and
found their way into contemporary minimal surface theory, see the survey [5].
2.2. Elliptic holomorphic geometry. A Stein manifold, introduced in [31], is a
complex manifold with many holomorphic functions on it. More precisely, we say
that X is Stein if
(i) For every x, y ∈ X , x 6= y, there exists a function f ∈ O(X) such that
f(x) 6= f(y).
(ii) For every compact set K ⊂ X the hull K̂ is also compact.
A Riemann surface is Stein if and only if it is noncompact, [14, Corollary 26.8].
The generalisation of Runge’s theorem to Stein manifolds is called the Oka-Weil
approximation theorem. In his seminal paper Gromov [19] considered the Oka-Weil
approximation theorem as expressing a property of the target, in modern language,
the approximation property. A complex manifold Y is said to have the approxima-
tion property if for every Stein manifold X with an O(X)-convex subset K, every
continuous map X → Y which is holomorphic on a neighbourhood of K can be
approximated uniformly on K by holomorphic maps X → Y .
An Oka manifold is a complex manifold which satisfies the approximation prop-
erty. There are more than dozen nontrivially equivalent characterisations of Oka
manifolds; we chose to mention this characterisation because we are considering
approximation problems. For a comprehensive introduction to Oka theory, see
Forstnericˇ’s book [15] or Forstnericˇ and La´russon [16].
3. Carleman approximation by directed immersions
We start this section with one of the main technical results in paper. The following
result is the aforementioned gluing lemma that will be needed in the induction
procedure. This gluing lemma together with Mergelyan’s theorem will enable us to
approximate well on a noncompact sets by directed holomorphic immersions.
Lemma 3.1. Let S be a closed conical complex subvariety which is not contained in
a hyperplane of Cn and such that S∗ := S \ {0} is smooth and connected. Let R be
an open Riemann surface, let L ⊂ R be a compact domain of R and let S =M ∪K
be a Carleman admissible subset, see Definition 2.1, such that K ∩ bL = ∅ and
M intersects L transversely (if at all), and let ǫ : M ∪ K → R+. Suppose that
F : M ∪K → Cn is a S-immersion. If there is an S-immersion F̂ : R → Cn such
10 I. Castro-Infantes and B. Chenoweth
that
‖F (p)− F̂ (p)‖ < ǫ(p) for every p ∈ (M ∪K) ∩ L,(3.1)
then there exists a S-immersion F˜ : M ∪K ∪ L→ Cn such that F˜ |L = F̂ |L and
‖F (p)− F˜ (p)‖ < ǫ(p) for all p ∈M ∪K.(3.2)
Furthermore, we may ensure that F̂ = F outside of an arbitrarily small neighbour-
hood of L.
Under the additional hypothesis that L is O(R)-convex the following proof, and
hence the lemma, holds for F̂ merely defined on L. For we may use Mergelyan
theorem for S-immersions to approximate F̂ by an S-immersion defined on all of
R.
Proof. Let F̂ : R → Cn be an arbitrary S-immersion satisfying (3.1). Naively we
could define F˜ : M ∪K ∪ L→ Cn as
F˜ (p) =
{
F̂ (p) if p ∈ L,
F (p) if p ∈ (M ∪K) \ L.
This function has a finite number r ∈ Z+ of trouble points, that is, points which are
discontinuities or critical points, since K ∩ bL = ∅. Clearly, all trouble points are
contained in M ∩ bL.
If r = 0, then we are done. If r > 0, then we make F˜ into the desired S-immersion
by gluing near each of the trouble points as described below.
Let p be a fixed trouble point of F˜ . Let U ⊂ R be a small neighbourhood of p
not intersecting K or any other trouble point. Let γ : (−1, 2)→ M ∩ U ⊂ R be an
embedded arc in R such that γ(1) = p, γ((−1, 1]) ⊂ R \ L and γ((1, 2)) ⊂ L \K.
Observe that by (3.1)
‖F̂ (p)− F (p)‖ < ǫ(p)
and therefore by continuity, there is δ1 > 0 small enough such that
ρ1 := ‖F̂ (p)− F (p)‖ < ǫ(γ(t)) for t ∈ [1− δ1, 1].(3.3)
Let ρ2 =
1
2
(
ρ1 + min
t∈[1−δ1,1]
ǫ(γ(t))
)
. Note that ρ2 > ρ1 > 0. Choose δ1 > δ2 > 0 to be
sufficiently small that
‖F̂ (γ(1− δ2))− F̂ (p)‖ < ρ2 − ρ1, and
‖F (γ(t))− F (p)‖ < ρ2 − ρ1, whenever t ∈ [1− δ2, 1].
Reparameterising if necessary we may suppose that δ2 = 1. Let N = B(F (p), ρ2).
Observe that F̂ (γ(1− δ2)), F (p) ∈ N by our choices above. By [2, Lemma 3.3] there
is G : γ([0, 1])→ Cn such that
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•
∂
∂t
(G(γ(t))) ∈ S∗,
• G(γ(0)) = F (γ(0)) and G(γ(1)) = F̂ (γ(1)),
•
∂
∂t
(G(γ(t)))|t=0 =
∂
∂t
(F (γ(t)))|t=0 ∈ S∗,
•
∂
∂t
(G(γ(t)))|t=1 =
∂
∂t
(F̂ (γ(t)))|t=1 ∈ S∗,
• G(γ(t)) ⊂ N for every t ∈ [0, 1].
Redefining F˜ on γ([0, 1]) as G gives us a map M ∪ K ∪ L → Cn with one fewer
trouble point. Repeating this gluing procedure r times yields the desired F˜ . 
We now prove the following result which is an analogue to classic Carleman The-
orem for directed immersions.
Theorem 3.2 (Carleman Theorem for directed immersions). Let S be an irreducible
closed conical complex subvariety of Cn, n ≥ 3, which is contained in no hyperplane
and such that S∗ = S \ {0} is a (connected) Oka manifold. Let R be an open
Riemann surface. Let S = M ∪ K ⊂ R be a Carleman admissible subset. Let
Λ ⊂ R\M be a discrete closed subset of R and let Ωp ∋ p for p ∈ Λ be small pairwise
disjoint compact neighbourhoods. Set Ω = ∪p∈ΛΩp. Given a map k : Λ → Z+, a
positive function ǫ : M ∪K → R+ and an S-immersion F : M ∪K ∪Ω→ C
n, there
exists a S-immersion F˜ : R → Cn that verifies the following properties:
(i) ‖F˜ (p)− F (p)‖ < ǫ(p) for any p ∈M ∪K.
(ii) F˜ − F has a zero of multiplicity k(p) at any p ∈ Λ.
(iii) If F |Λ is injective, then F˜ is injective.
Proof. Consider an exhaustion {Kj}j∈N of R by compact O(R)-convex subsets such
that
(3.4) K1 ⋐ K2 ⋐ K3 ⋐ · · · ⋐
⋃
j∈N
Kj = R,
and that (K ∪Ω)∩ bKj = ∅ for any j ∈ N. Recall that since M has bounded E-hulls
it is possible to find the sequence of O(R)-convex compacts such that (M ∪K) ∩
Kj is again a O(R)-convex compact subset of R and such that M intersects bKj
transversely a finite number of times for each j ∈ N.
Set F0 := F : M ∪K ∪Ω→ C
n and K0 = ∅. To prove the theorem we are going to
construct a sequence of S-immersions Fj : M ∪K ∪Ω∪Kj → C
n with the following
properties for any j ∈ N:
(Ij) ‖Fj(p)− Fj−1(p)‖ < 1/2
j for any p ∈ Kj−1.
(IIj) ‖Fj(p)− Fj−1(p)‖ < ǫ(p)/2
j for any p ∈M ∪K.
(IIIj) Fj − Fj−1 has a zero of multiplicity (at least) k(p) at each point p ∈ Λ.
(IVj) If F |Λ is injective, then Fj |Kj is also injective.
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Assume first that we have constructed such a sequence. Then properties (Ij) for
j ∈ N ensure that there exists a limit map F˜ : R → Cn, given by
F˜ = lim
j→+∞
Fj ,
and that this map is an S-immersion. Properties (IIj) guarantee condition (i),
whereas condition (ii) follows from properties (IIIj). Finally, if F |Λ is injective, then
properties (IVj) imply condition (iii).
Now we will recursively construct the sequence {Fj}j∈N. It is clear that F0 =
F verifies the base of the induction. Assume now that we have an S-immersion
Fj−1 : M ∪K ∪ Ω ∪Kj−1 → C
n satisfying properties (Ij−1)–(IVj−1) for some j ≥ 1.
Let ǫ′ : M ∪K ∪Kj−1 → R+ be the positive function defined by
(3.5) ǫ′(p) =

1
2j
ǫ(p) if p ∈ (M ∪K) \Kj−1,
1
2j
min{1, ǫ(p)} if p ∈ (M ∪K) ∩Kj−1,
1
2j
if p ∈ Kj−1 \ (M ∪K).
Since (M ∪ K) ∩ Kj is an O(R)-convex compact admissible subset of R, by [2,
Theorem 1.3], given numbers
0 < δ < min{ǫ′(q) : q ∈ (M ∪K) ∩Kj}, and max{k(p) : p ∈ Λ ∩Kj} ∈ Z+,
we may approximate Fj−1 on (M ∪K ∪Kj−1)∩Kj by an S-immersion F̂ : R → C
n
that satisfies the following:
(a) ‖F̂ (p)− Fj−1(p)‖ < δ < ǫ
′(p) on (M ∪K ∪Kj−1) ∩Kj,
(b) F̂ − Fj−1 has a zero of multiplicity (at least) k(p) at each point of p ∈ Λ.
(c) If Fj−1|Λ is injective, F̂ is injective.
Next, we can apply Lemma 3.1 to a positive continuous function M ∪K∪Kj−1 →
R+ less than ǫ
′ and the maps Fj−1 : M ∪K ∪ Ω ∪Kj−1 → C
n and F̂ : R → Cn to
obtain an S-immersion Fj : M ∪K ∪ Ω ∪Kj → C
n such that
(d) Fj = F̂ on Kj.
(e) ‖Fj(p)− Fj−1(p)‖ <
1
2j
for any p ∈ Kj−1.
(f) ‖Fj(p)− Fj−1(p)‖ <
ǫ(p)
2j
for any p ∈ M ∪K.
(g) Fj = Fj−1 on Ω \Kj.
Property (g) is a consequence of the fact that Ω and M ∪K are separated, hence
we may simply define Fj = Fj−1 on Ω \Kj. Then, we claim that the S-immersion
Fj verifies the conditions (Ij), (IIj), (IIIj), and (IVj). Indeed, property (e) gives us
(Ij) whereas (IIj) follows from (f). Properties (b), (d), and (g) imply that condition
(IIIj) holds. Finally, if we assume that F |Λ is injective, then condition (IVj) is a
consequence of (IVj−1) and properties (c) and (d).
This finishes the construction of the sequence and concludes the proof of the
theorem. 
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Remark 3.3. The approximation and interpolation result [2, Theorem 1.3] is stated
for smoothly bounded compact domains but also applies for general admissible sub-
sets. For we may apply [2, Proposition 5.2] in order to get an S-immersion defined
on a smoothly bounded compact domain that contains the initial admissible subset
and then [2, Theorem 1.3] gives the desired S-immersion.
Notice also that although [2, Theorem 1.3] gives us jet-interpolation of a fixed
order k at each point of Λ, slight modifications in the proof of this result would
yield jet-interpolation to an arbitrary order k(p) ∈ Z+ depending on the point
p ∈ Λ. However, it is enough for our reasoning to apply the original result at each
step of the induction to the largest order for the points treated up to this step.
Remark 3.4. Following the proof of [23, Theorem 1.2] we can see that the conclu-
sion of Theorem 3.2 implies S has bounded E-hulls and therefore this hypothesis
is necessary. Suppose S does not have bounded E-hulls. Then there is some com-
pact set L so that h(L ∪ S) is non-compact. Therefore there exists a sequence
Λ = {xj}j∈N ⊂ h(L ∪ S) without a point of accumulation. Let Ω ⊃ Λ be the union
of disjoint coordinate neighbourhoods which each contain precisely one element of
Λ such that the closure of Ω does not intersect S.
Define a map F : S ∪Ω→ Cn as follows. On the connected component of Ω con-
taining xj we define F as some S-immersion with ‖F (xj)‖ > j. On each connected
component of K we define F to be some S-immersion such that ‖F (x)‖ < 1/4 for
every x ∈ K and such that F extends as an S-immersion to a small neighbourhood
of K. Finally using the gluing Lemma we extend to a map on S with ‖F (x)‖ ≤ 1/2
for every x ∈ S. We now apply Theorem 3.2 to obtain an S-immersion F˜ : R → Cn
such that ‖F (p)‖ < 1 for every p ∈ S and ‖F (xj)‖ > j for every j ∈ N. Let
C = maxx∈L ‖F (x)‖. Given a natural number j > C we have that ‖F (xj)‖ > j > C
which contradicts the assumption that Λ ⊂ h(L ∪ S). Therefore S must have
bounded exhaustion hulls for the conclusion of Theorem 3.2 to hold.
Theorem 3.2 gives an approximation result for directed immersions in Carleman
admissible subsets, see Definition 2.1, but we may prove a similar approximation
result for more general subsets.
Definition 3.5. We say thatM ⊂ R is a totally real set (of class C∞) ifM is closed
and locally contained in a smooth real submanifold of R, that is, for every point
x ∈M there exist an open neighbourhood U of x and a closed C∞ real submanifold
M˜ ⊂ U such that M ∩U ⊂ M˜ . A closed subset M ⊂ R is called a stratified totally
real set if M is the increasing union M0 ⊂ M1 ⊂ · · · ⊂ Mk = M of closed subsets
of R, such that Mj \Mj−1 is a totally real set for any j = 0, . . . , k ∈ N, where
M−1 := ∅.
We will refer to the set Mj \Mj−1 for j = 0, . . . , k as the strata ofM with respect
to the stratification {Mj}0≤j≤k. For convenience, whenever we say M is a stratified
set, we will assume that we have fixed a stratification like the one above so that we
may refer to the strata of M without having to introduce more notation.
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Let M ⊂ R be a totally real set. We say that F : M → Cn is an S-immersion if
locally F looks like the restriction of an S immersion, that is, for each p ∈M there
is a neighbourhood U ∋ p, a closed C∞ real submanifold M˜ ⊂ U such that
M ∩ U ⊂ M˜ ⊂ U,
and an S-immersion F˜ : M˜ → Cn such that F (z) = F˜ (z) for every z ∈M ∩ U . An
S-immersion on a stratified totally real set M ⊂ R is simply a map F : M → Cn
such that F restricted to a strata of M is an S-immersion in the sense described
above. If M ∪ K ⊂ R is a subset where K is a locally finite union of smoothly
bounded pairwise disjoint connected compact subsets and M is a stratified totally
real subset then a map F : M ∪ K → Cn is said to be a S-immersion if F |M and
F |K are S-immersions.
Corollary 3.6. Theorem 3.2 holds if M is a stratified real O(R)-convex subset of
R for which the intersection of any two strata is discrete, and S =M ∪K has still
bounded E-hulls.
Proof. First observe that the proof of Theorem 3.2 goes through in precisely the
same way if we assume M is a totally real set rather than a finite disjoint union
of closed real submanifolds. For in the induction procedure we could simply choose
a compact exhaustion of R with many compact sets so that M ∩ (Kj \ Kj−1) is
contained within a real submanifold for each j ∈ N and then proceed as we did
before.
Now let us consider the case where M is a stratified real subset of R for which
the intersection of any two strata is discrete.
Let Q be the set of points at which two (or more) strata intersect. By assumption
Q is discrete. Around each point q ∈ Q consider a small simply connected compact
neighbourhood Kq ⊂ R such that M ∪Kq is a closed O(R)-convex subset and such
that Kq ∩ Ω = ∅. Then the subset defined by
S ′ := M ∪K ∪
⋃
q∈Q
Kq
is a Carleman admissible subset. Next, we extend F to S ′ being an S-immersion
S ′∪Ω→ Cn. For instance, we may choose an appropriate disc at each Kq and then
use Lemma 3.1 to glue around the trouble points of M ∩ Kq. If necessary, shrink
the subset Kq for any q ∈ Q and recall that since M is a stratified subset then
the number of trouble point at each Kq is finite. Finally Theorem 3.2 provides the
desired S-immersion F˜ : R → Cn. 
4. Carleman approximation by complete immersions
This section is dedicated to proving Theorem 1.3. As mentioned already, the
techniques based on the ideas of Jorge and Xavier [21] and Nadirashvili [26] which
are usually used in order to get completeness do not apply in our particular case;
therefore we develop a new approach to ensure completeness of the solutions.
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Proof of Theorem 1.3. Consider an exhaustion {Kj}j∈N of R by compact O(R)-
convex subsets as in the proof of Theorem 3.2. Recall that the sequence verifies
(3.4) and that (K ∪Ω) ∩ bKj = ∅ for any j ∈ N. In addition, since M has bounded
E-hulls we may assume that (M ∪K)∩Kj is again an O(R)-convex compact subset
of R and also that M intersects bKj transversely a finite number of times for each
j ∈ N.
Fix any point p0 ∈ K˚1 \Ω. Set F0 := F : M ∪K ∪Ω→ C
n and K0 = ∅. To prove
the theorem we construct a sequence of S-immersions Fj : M ∪K ∪ Ω ∪Kj → C
n
with the following properties for any j ∈ N:
(Ij) ‖Fj(p)− Fj−1(p)‖ < 1/2
j for any p ∈ Kj−1.
(IIj) ‖Fj(p)− Fj−1(p)‖ < ǫ(p)/2
j for any p ∈M ∪K.
(IIIj) Fj − Fj−1 has a zero of multiplicity (at least) k(p) at each point p ∈ Λ.
(IVj) If F |Λ is injective, then Fj |Kj is also injective.
(Vj) The distance distFj(p0, bKj) > j− 1.
Clearly, reasoning as in Theorem 3.2, properties (Ij)–(IVj) guarantee the existence
of an S-immersion F˜ : R → Cn that verifies Theorem 3.2. Furthermore, due to
condition (Vj), any divergent path starting at p0 has infinite length, and hence F˜ is
complete.
To construct the sequence and prove the theorem we reason inductively. Assume
that we have constructed an S-immersion Fj−1 : M ∪ K ∪ Ω ∪ Kj−1 → C
n that
satisfies properties (Ij−1)–(Vj−1) for some j ∈ N and let us construct Fj .
First, by Theorem 3.2 we may assume that Fj−1 is defined in all R. Next, consider
an O(R)-convex compact subset L with Kj−1 ⋐ L ⋐ Kj such that (Ω∪K)∩Kj ⊂ L˚,
L is a strong deformation retract of Kj , and
(4.1)
M ∩ (Kj \ L˚) consists of finitely many pairwise disjoint Jordan arcs
connecting bL to bKj and meeting each boundary transversely.
This may be achieved by enlarging the subset L as much as necessary.
Then χ(Kj \ L˚) = 0 and so Kj \ L˚ consists of a finite union of pairwise disjoint
annuli. To make the proof more readable we assume Kj \ L˚ is connected, hence a
single annulus. If that is not the case, just apply the following reasoning to each of
the annuli in Kj \ L˚. Set A := Kj \ L˚.
We may assume that if α is an arc contained in M ∩ A that connects bL to bKj
(take into account (4.1)), then the length of the first coordinate projection of α is
as large as desired. Concretely we would assume that if α is an arc connecting bL
to bKj then
(4.2) length
(
π1 ◦ Fj−1(α)
)
> 1.
See Figure 4.1. If this were not the case, then we could approximate Fj−1|M∩A in
the C 0(M ∩A)-topology by a sufficiently long arc, glue with Fj−1 at the endpoints
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using [2, Lemma 3.3], and apply Theorem 3.2 to obtain a globally defined map with
the desired property.
By continuity of Fj−1, there exists a neighbourhood U ⊂ A of bL∪ (M ∩A) such
that any arc α ⊂ U connecting bL to bKj , still verifies (4.2). Let D ⊂ A \M be a
collection of pairwise disjoint simply connected compact subsets such that if α ⊂ A
is an arc connecting bL to bKj that does not intersect D then α ⊂ U and so it
verifies (4.2). See Figure 4.1.
L
Kj
M
U D
α
β
Figure 4.1. The set D with 4 connected components and an arc α
intersecting D and an arc β that does not intersect D.
Notice that since D ⊂ A \M is a union of pairwise disjoint simply connected
compact subset then M ∪ L ∪D is O(R)-convex. Let H : (M ∪ L ∪D) ∩Kj → C
n
be an S-immersion such that
(a) H = Fj−1 on (M ∪ L) ∩Kj,
(b) the first coordinate π1(H) = π1(Fj−1) on D,
and for 2 ≤ a ≤ n we have πa(H) = πa(Fj−1) + ζ where ζ ∈ C is a constant
sufficiently large such that if α ⊂ A is an arc connecting bL to bKj that intersects
D then
(4.3) length
(
H(α)
)
> 1.
Observe that the first coordinate of H extends to Kj since π1(H) = π1(Fj−1).
Consider the positive function ρ : M ∪ L ∪D → R+ defined by
(4.4) ρ(p) =

1
2j
ǫ(p) if p ∈ (M ∪ L ∪D) \Kj−1,
1
2j
min{1, ǫ(p)} if p ∈ (M ∪ L ∪D) ∩Kj−1,
1
2j
if p ∈ Kj−1 \ (M ∪ L ∪D).
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Given a positive number 0 < δ < ρ(p) for any p ∈ (M ∪L∪D)∩Kj, [2, Proposition
5.2] applied to the data
(M ∪ L ∪D) ∩Kj ⊂ Kj, Λ ∩Kj ⊂ L, and max{k(p) : p ∈ Λ} ∈ Z+
and the S-immersion H , provides an S-immersion Ĥ : Kj → C
n that verifies the
following properties:
(c) ‖Ĥ(p)−H(p)‖ < δ < ρ(p) for any p ∈ (M ∪ L ∪D) ∩Kj.
(d) Ĥ −H has a zero of multiplicity k(p) ∈ N for any p ∈ Λ ∩Kj ⊂ L.
(e) π1(Ĥ) = π1(H) = π1(Fj−1) on Kj .
Note that [2, Proposition 5.2] provides jet-interpolation of fixed order so we have
applied the result to the integer max{k(p) : p ∈ Λ} ∈ Z+ to ensure property (e).
Moreover, by [2, Theorem 1.3] we may suppose also that
(f) If H|Λ is injective, then Ĥ is also injective.
Finally, by properties (a) and (c) we have that Lemma 3.1, applied to glue H˜
with Fj−1, provides an S-immersion Fj : M ∪K ∪ Ω ∪Kj → C
n that satisfies the
following properties.
(g) Fj = Ĥ on Kj .
(h) ‖Fj(p)− Fj−1(p)‖ < ρ(p) for any p ∈M ∪K ∪ Ω ∪Kj.
Note that since (Ω∪K) \Kj and Kj are separated we have extended Fj = Fj−1 on
(Ω ∪K) \Kj.
We claim that the S-immersion Fj recently constructed satisfies the desired con-
ditions (Ij)–(Vj). Indeed, condition (Ij) and (IIj) follows from (h) and (4.4). Prop-
erties (a), (d), and (g) imply that condition (IIIj) holds. On the other hand, if F is
injective then it is clear that condition (IVj) is a consequence of (f), (g), (a), and
(IVj−1).
Finally, we will verify that the completeness condition (Vj) is a consequence of
(Vj−1), properties (b), (c) and (e), and equations (4.2) and (4.3). To this end, take
an arc γ ⊂ Kj connecting p0 to bKj . There exists a connected subarc α ⊂ γ that
connects bL to bKj and α ⊂ Kj \ L˚.
If α∩D 6= ∅, then provided that the approximation in (h) is good enough we have
that:
length(Fj(γ)) = length
(
Fj(γ \ α)
)
+ length
(
Fj(α)
)
(h)&(Kj−1 ⊂ L)
≥ distFj−1(p0, bKj−1) + length
(
Fj(α)
)
(IVj−1)
> (j − 2) + length
(
Fj(α)
)
(g)&(c)&(4.3)
> (j − 2) + 1 = j − 1.
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On the other hand, if α ∩D = ∅ then α ⊂ U , hence:
length(Fj(γ)) = length
(
Fj(γ \ α)
)
+ length
(
Fj(α)
)
(h)&(Kj−1 ⊂ L)
≥ distFj−1(p0, bKj−1) + length
(
Fj(α)
)
(IVj−1)
> (j − 2) + length
(
π1 ◦ Fj(α)
)
(a)&(c)&(g)&(4.2)
> (j − 2) + 1 = j − 1.
This proves (Vj) and concludes the proof of the existence of the sequence. 
5. Carleman approximation by proper immersions
This section is devoted to proving Theorem 1.4 concerning properness of the
approximating maps. Here we adapt the ideas that appear in [8, 2] to our particular
case. Theorem 1.4 is going to be proven using a recursive process similar to that
used to prove our previous results. The new idea is to construct a sequence of S-
immersions, defined on an increasing sequence of domains as before, whose values on
compact bands Kj\K˚j−1 grow like the proper map to be approximated F : K∪M →
Cn. To achieve it we need the following lemma.
Lemma 5.1. Assume that S ⊂ Cn, n ≥ 3, verifies the assumptions of Theorem 1.4.
Let R be an open Riemann surface. Let K ⋐ L ⊂ R be smoothly bounded compact
O(R)-convex subsets such that K is a strong deformation retract of L, let also Λ ⊂ K˚
be a finite subset, and let S := M∪K ⊂ R be a Carleman admissible subset and such
that M ∩ (L \ K˚) consists on finitely many pairwise disjoint Jordan arcs connecting
bK to bL transversely. Then, given an S-immersion F : M ∪ K → Cn, a map
k : Λ→ Z+, and a positive function ǫ : M ∪K → R+, there exists an S-immersion
F˜ : M ∪ L→ Cn such that
(a) ‖F˜ (p)− F (p)‖ < ǫ(p) for any p ∈M ∪K.
(b) F˜ − F has a zero of multiplicity k(p) at each point p ∈ Λ.
(c) ‖F˜ (p)‖∞ >
1
2
min{‖F (q)‖∞ : q ∈ bK ∪ (M ∩ (L \K))}, p ∈ L˚ \K.
(d) ‖F˜ (p)‖∞ >
1
2
min{‖F (q)‖∞ : q ∈M ∩ bL}, p ∈ bL.
Proof. We may suppose without loss of generality that F is a holomorphic map on
R by Theorem 3.2. Note that L\K is a finite pairwise disjoint union of annuli. For
simplicity of exposition, we assume that A := L \ K˚ is connected and hence there is
only one annulus to consider; for the general case it is enough to apply the following
argument to each component separately.
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Let α denote the component of the boundary of A contained in bK and β the
other component which is contained in bL. Set
λ :=
1
2
min{‖F (q)‖∞ : q ∈ bK ∪ (M ∩ (L \K))},
τ :=
1
2
min{‖F (q)‖∞ : q ∈M ∩ bL},
and N := M ∩A. Note that τ ≥ λ. We may assume without loss of generality that
λ, τ > 0. For if this were not the case we could modify K, L, and M slightly.
To prove the lemma we are going to construct an S-immersion F̂ : R → Cn that
verifies the following properties:
(i) ‖F̂ (p)− F (p)‖ < ǫ(p) for any p ∈ N ∪K.
(ii) F̂ − F has a zero of multiplicity k at each point of Λ.
(iii) ‖F̂ (p)‖∞ > λ, p ∈ L˚ \K.
(iv) ‖F̂ (p)‖∞ > τ, p ∈ bL.
Then using Lemma 3.1 we will glue F̂ to F at the trouble points of bL ∩M and get
the desired S-immersion. Suppose that F = (F1, . . . , Fn) andM∩bK = {p
1, . . . , pr}
for some r ∈ N.
Let πa : C
n → C denote the a-th coordinate projection. Since F satisfies ‖F (p)‖∞ >
λ for p ∈ bK there exist an integer l ≥ r, disjoint subsets I1, . . . , In of Zl =
{0, 1, . . . , l − 1} (which denotes the additive cyclic group of integers modulo l),
and connected subarcs {αj : j ∈ Zl} of bK, satisfying the following properties:
(a1)
⋃
j∈Zl
αj = α.
(a2) αj and αj+1 have a common endpoint pj , are otherwise disjoint, and the points
p1, . . . , pr ∈ {p1, . . . , pl}. In particular, αj connects pj−1 to pj.
(a3)
⋃n
a=1 Ia = Zl and Ia ∩ Ib = ∅ for all a 6= b ∈ {1, . . . , n}.
(a4) If j ∈ Ia then |πa(F (p))| > λ for all p ∈ αj, a = 1, . . . , n.
Note that Ia may be empty for some a ∈ {1, . . . , n}. If for some j ∈ Zl there are
multiple a ∈ {1, . . . , n} for which |πa(F (p))| > λ for all p ∈ αj, then we simply
choose one of these one Ia for j to belong to.
Next, for each j ∈ Zl consider a smooth Jordan arc γj ⊂ A such that:
• γj connects pj ∈ α to one point qj ∈ β and is otherwise disjoint from bA.
• If γj ∩ α = {p
i} for some i = 1, . . . , r then γj ⊂ N . Hence N ⊂
⋃
j∈Zl
γj.
• The arcs γj are pairwise disjoint.
We may assume that if γj ⊂ N , then there is some fixed a ∈ {1, . . . , n} such that
|πa(F (p))| > λ for p ∈ γj and |πa(F (qj))| > τ . If this were not the case, then we
could take a finite exhaustion of L starting with K so that each pair of consecutive
sets in the sequence has this property. Then applying the following reasoning a finite
number of times yields the desired result.
20 I. Castro-Infantes and B. Chenoweth
Let S be the admissible set given by
S :=M ∪K ∪ (
⋃
j∈Zl
γj)
Next, we extend F to S such that:
(b1) If j ∈ Ia then |πa(F (p))| > λ for all p ∈ γj−1 ∪ γj, a = 1, . . . , n.
(b2) If j ∈ Ia then |πa(F (qj−1))| > τ and |πa(F (qj))| > τ , a = 1, . . . , n.
Recall we have assumed that if γj ⊂ N then F automatically satisfies these proper-
ties on γj.
By Remark 3.3 and Lemma 3.1, we may assume that F is defined on a slightly
larger set of the form K ′ ∪M , where K ′ is a smoothly bounded compact domain.
Then Theorem 3.2 provides an S-immersion G = (G1, . . . , Gn) : R → C
n with the
following properties:
(c1) ‖G(p)− F (p)‖ < ǫ(p) for all p ∈ S. (Recall we have extended F to S.)
(c2) G− F has a zero of multiplicity k(p) at each point p ∈ Λ.
(c3) If j ∈ Ia then |πa(G(p))| > λ for all p ∈ γj−1 ∪ αj ∪ γj, a = 1, . . . , n.
(c4) If j ∈ Ia then |πa(G(qj−1))| > τ and |πa(G(qj))| > τ , a = 1, . . . , n.
For j ∈ Zl let βj ⊂ β be an arc connecting qj−1 to qj and not intersecting {q1, . . . , ql−1}
other than at its endpoints. Notice that
(5.1) β =
⋃
j∈Zl
βj .
Let Dj ⊂ A be the compact disc bounded by αj, βj , γj and γj−1. Clearly
(5.2) A =
⋃
j∈Zl
Dj .
Set G0 := G|L : L→ C
n. To prove the lemma we are going to construct a sequence of
S-immersions Gm : L→ C
n for m = 1, . . . , n that satisfies the following properties:
(d1m) Gm approximates Gm−1 well
1 on L \ (
⋃
j∈Im
D˚j).
(d2m) Gm −Gm−1 has a zero of multiplicity k(p) at any point p ∈ Λ.
(d3m) If j ∈
⋃m
i=1 Ii then ||Gm(p)||∞ > λ for all p ∈ Dj .
(d4m) If j ∈
⋃m
i=1 Ii then ||Gm(q)||∞ > τ for all q ∈ βj.
(d5m) If j ∈ Ia then |πa(Gm(p))| > λ for all p ∈ γj−1 ∪ αj ∪ γj, a = 1, . . . , n.
(d6m) If j ∈ Ia then |πa(Gm(q))| > τ for q ∈ {qj−1, qj}, a = 1, . . . , n.
1More precisely, ‖Gm(p)−Gm−1(p)‖ < min
p∈N∪K
ǫ(p)− ‖G(p)− F (p)‖
n
for every p ∈ L\∪j∈ImD˚j .
Carleman approximation by minimal surfaces and directed holomorphic curves 21
Suppose that we have already constructed such a sequence G1, . . . , Gn. Then by
(c1) and (d11)–(d1n) we may apply Theorem 3.2 to Gn to obtain a map F̂ : R → C
n
that satisfies (i) and such that
(5.3) F̂ −Gn has a zero of multiplicity k at each point of Λ.
Condition (ii) is then guaranteed by (d21)–(d2n), (c2), and (5.3). Condition (iii)
follows from (d3n), (a3), and (5.2). Finally condition (iv) is implied by (d4n), (a3),
and (5.1).
To finish the proof let us construct the sequence {G1, . . . , Gn}. We reason by
induction. It is clear that G0 = G|L verifies properties (d50) and (d60) whereas
(d10)–(d40) are vacuous. Now, assume that we have constructed Gm−1 : L → C
n
with 1 ≤ m ≤ n and let us construct Gm : L→ C
n.
By the continuity of Gm−1 and the properties (d5m−1) and (d6m−1) we have that
for any j ∈ Im there exists a small compact tubular neighbourhood Υj ⊂ Dj relative
to Dj of γj−1 ∪ αj ∪ γj such that
A) |πm(Gm−1(p))| > λ for all p ∈ Υj .
B) |πm(Gm−1(q))| > τ for all q ∈ βj ∩Υj.
Define
Sm := L \ (
⋃
j∈Im
Υ˚j).
Let H : Sm → C
n be a S-immersion such that
C) H = Gm−1 on L \ (
⋃
j∈Im
Dj).
D) πm(H) = πm(Gm−1)|Sm.
E) ||H(p)||∞ > τ ≥ λ on
⋃
j∈Im
(Dj \Υj)
For instance, one could define πm(H) = πm(Gm−1)|Sm and for b 6= m,
πb(H(z)) =
{
πb(Gm−1(z)), z ∈ L \ (
⋃
j∈Im
Dj).
ζ, z ∈
⋃
j∈Im
Dj \Υj.
where ζ ∈ C is sufficiently large so that E) holds. Notice that H is a holomorphic
S-immersion since Dj \Υj and L \ (
⋃
j∈Im
Dj) are separated.
Observe that πm(H) clearly extends to all of L since πm(H) = πm(Gm−1). Thus,
we may apply [2, Proposition 5.2] to H to obtain a holomorphic S-immersion
Gm : L→ C
n such that
F) Gm approximates H uniformly on Sm.
G) Gm −H has a zero of multiplicity k(p) at each point p ∈ Λ.
H) πm(Gm) = πm(H) = πm(Gm−1) on L.
Notice that [2, Proposition 5.2] provides jet-interpolation of fixed order. To ensure
property G) we apply the result to the integer max{k(p) : p ∈ Λ} ∈ Z+.
We claim that Gm satisfies (d1m)–(d6m). Let us check it, (d1m) follows from C)
and F). Properties C) and G) imply condition (d2m). (d3m) is a consequence of A)
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with H), C), E), and F). Similarly, (d4m) is guaranteed by B) with H), C), E), and
F). Finally (d5m) follows from C), F), and (d5m−1), while (d6m) follows from C),
F), and (d6m−1). 
Once we have finished the previous lemma, we proceed with the proof of the main
theorem of the section.
Proof of Theorem 1.4. Consider a compact exhaustion {Kj}j∈N ofR by O(R)-convex
subsets as in the proof of Theorem 1.3. Since F |S is proper we assume that F is
nonzero on bKj ∩M and ǫ(p) < 1 for all p ∈M ∪K.
Set for any j ∈ N.
(5.4) Sj := bKj−1 ∪
(
(Λ ∪M ∪K) ∩ (Kj \ K˚j−1)
)
.
Consider F0 := F : M ∪ K ∪ Ω → C
n and K0 = ∅. To prove the theorem we will
construct a sequence of S-immersions Fj : M ∪K ∪Ω∪Kj → C
n with the following
properties for any j ∈ N:
(Ij) ‖Fj(p)− Fj−1(p)‖ < 1/2
j for any p ∈ Kj−1.
(IIj) ‖Fj(p)− Fj−1(p)‖ < ǫ(p)/2
j for any p ∈M ∪K.
(IIIj) Fj − Fj−1 has a zero of multiplicity k at each point of Λ.
(IVj) If F |Λ is injective, then Fj |Kj is also injective.
(Vj) ‖Fj(p)‖∞ > λj :=
1
2
min{‖Fj−1(q)‖∞ : q ∈ Sj} for p ∈ K˚j \Kj−1.
(VIj) ‖Fj(p)‖∞ > τj :=
1
2
min{‖Fj−1(q)‖∞ : q ∈M ∩ bKj} for p ∈ bKj .
Assume for a moment that we have constructed such a sequence. As in the proof of
Theorem 3.2 properties (Ij)–(IVj) for j ∈ N ensure that there exists a limit map
F˜ : R → Cn, F˜ = lim
j→∞
Fj
that verifies conclusion of Theorem 3.2. On the other hand, it is clear that λj and
τj go to infinity when j →∞ since F |M∩K is proper. Therefore, the image by F˜ of
a divergent path is also a divergent path. This implies that F˜ is a proper map and
would conclude Theorem 1.4.
In order to finish the proof of the theorem, we shall recursively construct the
sequence {Fj}j∈N. The starting map is F0 := F . Now, assume we are given an
S-immersion Fj−1 : M ∪K ∪ Ω ∪Kj−1 → C
n for any j ≥ 1 and let us construct a
map Fj satisfying (Ij)–(VIj). First, by shrinking the sets Ωp if necessary, we may
assume that
(5.5) ||Fj−1(q)||∞ > λj, for any q ∈ Ω ∩ (Kj \ K˚j−1).
Let S ⊂ Kj be a connected O(R)-convex compact admissible subset obtained by
attaching finitely many arcs to
Kj−1 ∪ ((Ω ∪K) ∩Kj)
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so that S is a strong deformation retract of Kj and such that
(5.6)
M ∩ (Kj \ S˚) consists of finitely many pairwise disjoint Jordan arcs
connecting bS to bKj and meeting each boundary transversely.
Observe that some of the attached arcs describe the topology of Kj \Kj−1, if non-
trivial, whilst the others connect Kj−1 to the connected components of K inside
Kj \ K˚j−1, to the subsets Ωp for p ∈ Λ ∩ (Kj \ K˚j−1), and to the arcs of M that do
not intersect Kj−1. Note also that we allow the connecting arcs to be contained in
M . See Figure 5.1.
We may extend Fj−1 to a S-immersion on all of M ∪K ∪ Ω ∪ S such that
(5.7) ||Fj−1(q)||∞ > λj for any q ∈
(
S ∪ (M ∩Kj)
)
\ K˚j−1,
see (5.5) and the definition of the number λj in (Vj).
Next, we apply Theorem 3.2 (see Remark 3.3) to the S-immersion Fj−1 : M ∪K∪
Ω∪S → Cn and a sufficiently small positive continuous function ǫ′ : M∪K∪S → R+
to obtain an S-immersion G : R → Cn that, by (5.7), verifies
(a) ‖G(p)− Fj−1(p)‖ < ǫ
′(p) for any p ∈M ∪K ∪ S.
(b) G− Fj−1 has a zero of multiplicity k at each point of Λ.
From property (a) we have that
(5.8) ||G(q)||∞ > τj for any q ∈ bKj ∩M
and that there exists a small smoothly bounded tubular neighbourhood S˜ ⊂ Kj of
S such that
(5.9) ||G(q)||∞ > λj for any q ∈ (S˜ \ K˚j−1) ∪
(
M ∩ (Kj \ S˜)
)
See Figure 5.1.
Thus, we have that since S is a strong deformation retract ofKj and S˜ is a tubular
neighbourhood of S, then S˜ is a strong deformation retract of Kj. Furthermore, by
(5.6), we may arrange that M ∩ (Kj \ S˜
◦
) also consists of finitely many pairwise
disjoint Jordan arcs connecting bS˜ to bKj and meeting each boundary transversely.
Then we apply Lemma 5.1 to the data
S˜ ⋐ Kj, Λ ∩Kj ⊂ S˜, M, G : M ∪ S˜ → C
n, and ǫ˜ : M ∪ S˜ → R+,
where ǫ˜ is a positive continuous function such that
ǫ˜(p) < δ(p) =

1
2j
p ∈ S˜ \ (K ∪M),
min{ 1
2j
, ǫ(p)
2j
} p ∈ (K ∪M) ∩ S˜,
ǫ(p)
2j
p ∈ (K ∪M) \ S˜,
to obtain an S-immersion Fj : M ∪Kj → C
n such that
(c) ‖Fj(p)−G(p)‖ < ǫ˜(p) for any p ∈M ∪ S˜.
(d) Fj −G has a zero of multiplicity k at each point of Λ ∩Kj.
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Kj−1
Kj
M
b
b
K
Ω
˜
S
Figure 5.1. The set S˜ in the case that K has 3 connected components,
Λ has 2 points in Kj \Kj−1, M has 2 connected component, one intersects
Kj−1 and the other does not, and 1 curve is needed for the topology.
(e) ‖Fj(p)‖∞ >
1
2
min{‖G(q)‖∞ : q ∈ bS˜ ∪
(
M ∩ (Kj \ S˜)
)
}, p ∈ K˚j \ S˜.
(f) ‖Fj(p)‖∞ >
1
2
min{‖G(q)‖∞ : q ∈M ∩ bKj}, p ∈ bKj .
Note that we may extend Fj to M ∪K ∪ Ω ∪Kj by defining
Fj|(K∪Ω)\Kj = Fj−1(5.10)
since (K ∪Ω) \Kj is separated from Kj. Moreover, by Theorem 3.2 we may assume
also that
(g) Fj is injective if G|Λ is injective, which is by (b).
We claim that the map Fj : M ∪K ∪Ω∪Kj → C
n verifies the desired conditions
(Ij)–(VIj). Clearly (Ij) and (IIj) follow from (a), (c), and (5.10) since Kj−1 ⊂
S ⊂ S˜ and provided that the approximation in (a) is good enough. Condition
(IIIj) follows from (b), (d), and (5.10). Property (g) equals condition (IVj) Finally,
condition (Vj) is implied by (e), whereas condition (VIj) follows from (f), providing
the approximation in (a) is close enough. 
6. Results for conformal minimal immersions
As announced we are going to show how the ideas of Sections 3, 4, and 5 may
be adapted in order to prove Carleman type approximation results for conformal
minimal immersions.
Recall that the punctured null quadric A∗ = A\{0} ⊂ C
n, see (1.1), for any n ≥ 3
directs null curves and is an Oka manifold verifying the additional hypothesis of
Theorem 1.2. See [2, §2.3] for details. Therefore, the results in the previous sections
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apply and provide complete null curves (and hence conformal minimal immersions
with vanishing flux map) that may be chosen proper when the initial one is. However,
to get complete and proper conformal minimal immersion with any prescribed flux
map some minor modifications have to be made in the proofs. We shall leave the
obvious details of the proofs to the interested reader.
First, we are going to say that X : S → Rn, n ≥ 3, is a conformal minimal
immersion defined over a Carleman admissible subset S = M∪K ifX is a continuous
map such that X|K is a conformal minimal immersion in the standard case. Notice
that, as was the case for S-immersions, we do not require X to be smooth onM \K
since we are dealing with C 0 approximation; we could always include a preparatory
first step where we approximate by a smooth map satisfying the extra conditions.
Accordingly, we show the following result.
Theorem 6.1 (Carleman theorem with jet interpolation for conformal minimal
immersions). Let R, S = M ∪K, Λ, Ω, k : Λ→ Z+, and ǫ : M ∪K → R+, be as in
Theorem 3.2. Given a group morphism p : H1(R;Z)→ R
n and a conformal minimal
immersion X : M ∪K ∪Ω→ Rn such that FluxX = p on K, there exists a complete
conformal minimal immersion X˜ : R → Rn that verifies the following properties:
(i) ‖X˜(p)−X(p)‖ < ǫ(p) for any p ∈M ∪K.
(ii) X˜ and X have a contact of order k(p) at any p ∈ Λ.
(iii) FluxX˜ = p on R.
(iv) If n ≥ 5 and the map X|Λ is injective, then X˜ may be chosen to be injective.
(v) X˜ may be chosen to be proper provided that X|K∪M∪Λ is proper.
Notice that Theorem 1.1 follows trivially from Theorem 6.1. In addition, we point
out that condition on X|Λ and X|K∪M∪Λ in assertions (iv) and (v) are necessary.
Indeed, in general, one can not choose the conformal minimal immersion X˜ in (iv)
to be an embedding (i.e., a homeomorphism onto X˜(R) endowed with the subspace
topology inherited from Rn) since there are injective maps Λ → Rn that do not
extend to a topological embedding. However, since proper injective immersions
R → Rn are embeddings, we can choose X˜ in Theorem 6.1 to be a proper conformal
minimal embedding provided that n ≥ 5 and X verifies both assumptions of (iv)
and (v).
Next, let us show how the ideas that appear in Section 3, 4, and 5 may be used
to prove analogues to Theorem 3.2, Theorem 1.3, and Theorem 1.4 for minimal
surfaces. Our proofs rely on applying Mergelyan type results to approximate in a
compact subset and then using Lemma 3.1 to glue with the initial immersion we are
given. Therefore, what we need in order to prove Theorem 6.1 are Mergelyan type
results with interpolation for conformal minimal immersions, they can be found in
[2], and an analogue to Lemma 3.1 for conformal minimal immersion.
First, notice that Lemma 3.1 holds for conformal minimal immersions as follows.
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Lemma 6.2. If we are given M , K ⊂ L ⊂ R, and ǫ : M ∪K → R+ as in Lemma
3.1, and also conformal minimal immersions X : M ∪ K → Rn and X̂ : R → Rn
such that
||X(p)− X̂(p)|| < ǫ(p), p ∈ (M ∪K) ∩ L,
there exists a conformal minimal immersion X̂ : M ∪K ∪ L→ Rn such that X˜|L =
F̂ |L and
||X(p)− X˜(p)|| < ǫ(p), p ∈M ∪K.
Obviously, it is verified that FluxX˜ = FluxX̂ on L.
Note that if L is a O(R)-convex subset then it is enough for proving the theorem
that X̂ is defined on L, since we may approximate X̂ by Mergelyan Theorem for
conformal minimal immersion [2, Theorem 1.2]. The same proof made in Lemma
3.1 provides such a conformal minimal immersion since the punctured null quadric
A∗ directing minimal surfaces is an Oka manifold.
Using Lemma 6.2 we can now give the proof of Theorem 6.1.
6.1. Proof of Theorem 6.1. Let us show how Theorem 6.1 is proved. We reason
by induction. Consider an exhaustion {Kj}j∈N of R as in the proof of Theorem 3.2.
Next, we take a fixed point p0 ∈ K˚1. We would construct a sequence of conformal
minimal immersions Xj : M ∪K∪Ω∪Kj → R
n that verifies the following properties
for any j ∈ N:
(Ij) ‖Xj(p)−Xj−1(p)‖ < 1/2
j for any p ∈ Kj−1.
(IIj) ‖Xj(p)−Xj−1(p)‖ < ǫ(p)/2
j for any p ∈M ∪K.
(IIIj) Xj and Xj−1 have a contact of order k(p) at each point p ∈ Λ.
(IVj) FluxXj = p on Kj .
(Vj) If n ≥ 5 and X|Λ is injective, then Xj may be chosen to be injective.
(VIj) distXj(b0, bKj) > j− 1.
Notice that properties (Ij)–(IIIj), and (VIj) are similar to the ones in the directed
immersions case. Property (Vj) needs the additional condition n ≥ 5.
To prove the existence of such a sequence we follow the proof of Theorem 1.3 with
small modifications. Therefore, throughout the reasoning we use the analogues for
conformal minimal immersions of the results [2, Theorem 1.3] and Lemma 3.1 that
allow us to control the flux map, that is, we use [2, Theorem 1.2] and Lemma 6.2.
Observe that, similarly as happen for the directed immersion case, if n ≥ 5 then
[2, Theorem 1.2] provides conformal minimal immersions which are injective. Hence,
since Lemma 6.2 involved gluing on arcs then the conformal minimal immersion Xj
may be chosen to be injective and then condition Vj holds. Thus we prove the
existence of the sequence and conclude taking limits when j → ∞. The limit map
X˜ is clearly a conformal minimal immersion and satisfies conditions (i)–(iv) of the
theorem.
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Let us show how condition (v) is deduced. Assume that X|M∪K∪Λ is proper. We
follow the ideas in the proof of Theorem 1.4, that is, we would construct a sequence
of conformal minimal immersions Fj : M ∪K∪Ω∪Kj → R
n that satisfies conditions
(Ij)–(Vj) before and also
(VIIj) ‖Xj(p)‖∞ > λj :=
1
2
min{‖Xj−1(q)‖∞ : q ∈ Sj} for p ∈ K˚j \Kj−1.
(VIIIj) ‖Xj(p)‖∞ > τj :=
1
2
min{‖Xj−1(q)‖∞ : q ∈M ∩ bKj} for p ∈ bKj .
Where Sj is the subset defined in (5.4).
Once we have constructed the sequence, conditions (Ij)–(Vj) give us the existence
of a conformal minimal immersion X˜ := limj→∞Xj that interpolates at the points of
Λ, has p as flux map, and is injective if n ≥ 5. On the other hand, conditions (VIIj)
and (VIIIj) ensures that the conformal minimal immersion X˜ is proper. Finally,
to show the existence of the sequence we need to prove an analogue to Lemma 5.1
for conformal minimal immersions and apply it recursively. Such a lemma is done
following the proof of Lemma 5.1 but using the Mergelyan type results proven in [2,
Section 7].
7. Examples/Applications
In this section we give some preliminary applications of our theorems. Of partic-
ular interest are our solution to the approximate Plateau problem on divergent arcs
in Rn (Corollary 7.3) and the existence, for every open Riemann surface R, of a
conformal minimal immersion X : R → Rn that passes by every conformal minimal
immersion Y : D → Rn. (Corollary 7.5).
Our first corollary is the following strengthening of Carleman’s theorem.
Corollary 7.1. Given f1, . . . , fn, ǫ ∈ C (R) with ǫ strictly positive, there exists a
complete null curve F = (F1, . . . , Fn) : C→ C
n such that
|Fj(x)− fj(x)| < ǫ(x), for every x ∈ R.
We will refer to the image of a continuous map from an interval I ⊂ R into Rn as a
continuous curve. The following corollary is an immediate consequence of Theorem
6.1 and asserts that every continuous curve in Rn, n ≥ 3, is approximately contained
in a minimal surface with any conformal structure.
Corollary 7.2. Given a continuous curve γ : I → C ⊂ Rn, n ≥ 3, a positive func-
tion ǫ : I → R+, and an open Riemann surface R, there exist a complete conformal
minimal immersion X : R → Rn and a continuous curve on R, α : I → R, such
that
||γ(t)−X(α(t))|| < ǫ(t), t ∈ I.
Recall that the classical Plateau problem solved by Douglas and Rado´ in [13, 29]
consists on finding a minimal surface bounded by a given closed Jordan curve. The
next corollary provides an approximated solution to a certain Plateau problem when
the curve is a divergent arc in Rn.
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Corollary 7.3. Let R be a Riemann surface (without boundary), D ⊂ R be a
smoothly embedded (closed) disc, and a point in its boundary p ∈ bD. For ev-
ery continuous divergent curve γ : R → Rn, n ≥ 3, and every positive continu-
ous function ǫ : R → Rn, there exists a complete conformal minimal immersion
X : R \ (D˚ ∪ {p})→ Rn and a parametrisation α : R→ bD \ {p} such that
‖X(α(t))− γ(t)‖ < ǫ(t), for every t ∈ R.
Furthermore, if n ≥ 5, then we can ensure that X is an embedding.
Proof. Let α : R → bD \ {p} be a parametrisation of the boundary bD \ {p}. Then
γ ◦ α−1 : bD \ {p} → Rn is a continuous function from the divergent arc bD \ {p} ⊂
R\ {p} which we know to be a Carleman admissible set by Example 2.2. Therefore
using Theorem 6.1 we may approximate γ ◦ α−1 along bD \ {p} by a conformal
minimal immersion X : R \ {p} → Rn better than ǫ ◦ α−1. The restriction of X to
R \ (D˚ ∪ {p}) yields the desired complete conformal minimal immersion. If n ≥ 5,
then by Theorem 6.1 we may ensure that X is an embedding. 
Theorem 6.1 also yields a new proof of the following result due to Alarco´n and
the first author [1], which proves the existence of complete minimal surfaces densely
lying in Rn.
Corollary 7.4. Given an open Riemann surface R and an integer n ≥ 3, the set of
complete conformal minimal immersions R → Rn with X(R) = Rn forms a dense
subset in the space of all conformal minimal immersions R → Rn endowed with the
compact-open topology.
Proof. If K ⊂ R is compact and U ⊂ Rn is open, define the set
[K,U ] = {f ∈ C (R,Rn) : f(K) ⊂ U}.
Recall that the compact-open topology is the coarsest topology on C (R,Rn) con-
taining all sets of the form [K,U ] where K ⊂ R is compact and U ⊂ Rn is open.
Therefore it suffices to show that whenever K1, K2, . . . , Km are compacts in R and
U1, . . . , Um are open subsets of R
n such that ∩mj=1[Kj , Uj] is nonempty, there is a
complete conformal minimal immersion X : R → Rn with X(R) = Rn such that
X ∈ ∩mj=1[Kj, Uj ].
Without loss of generality we may suppose that the Kj are smoothly bounded
and disjoint. Choose smoothly bounded compact domains Km, Km+1, . . . so that
Kj ∩Kk = ∅ unless j = k and S =
⋃
j∈NKj is a Carleman admissible set.
We now define a conformal minimal immersion X ′ on a neighbourhood of S. On
a neighbourhood Kj for j = 1, . . . , m we define X
′ to be any conformal minimal
immersion contained within Uj , and on a neighbourhood of Kj for j ≥ m + 1 we
defineX ′ to be a conformal minimal immersion such thatX(z) = qj for some z ∈ Kj ,
where (qj)j≥m+1 is a dense sequence of R
n. Applying Theorem 6.1 to X ′ gives us
the desired X . 
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Let M be a Riemann surface of finite conformal type with boundary bM 6= ∅, and
let R be an open Riemann surface. Following [22] we make the following definitions.
A conformal minimal immersion X : R → Rn is said to pass Y : M → Rn if there
exists proper regions {Dj}j∈N in R and biholomorphisms hj : M → Dj , j ∈ N, such
that {X ◦ hj}j∈N → Y in the C
0(M)-topology. A conformal minimal immersion
X : R → Rn is said to be universal if for every compact Riemann surface M with
non-empty boundary and any conformal minimal immersion Y : M → Rn, X passes
Y .
Lopez [22] proved that there exist parabolic complete universal minimal surfaces
with weak finite total curvature in R3. Note that there is no universal minimal
surface corresponding to C since the biholomorphisms hj in general do not exist. If
we instead insist on a weaker local version of universality, then we can prove that
each open Riemann surface R has a weakly universal minimal surface X : R → Rn.
More precisely, we say that X : R → Rn is weakly universal if for every conformal
minimal immersion Y : D → Rn, X passes Y . Clearly universality implies weak
universality, so existence of weakly universal minimal surfaces follows from Lopez
[22]. However, as far as the authors are aware, their existence for an arbitrary
Riemann surface R has not been investigated until now.
Corollary 7.5. For each open Riemann surface R and each natural number n ≥ 3
there exists a weakly universal minimal surface X : R → Rn.
Proof. Let {Kj}j∈N be a normal exhaustion of R by O(R)-convex compact subsets
or R. For each j ∈ N let Dj ⊂ K˚j \ Kj−1 be a compact O(R)-convex subset
that is mapped onto the closed unit disc D by a coordinate chart ϕj defined on a
neighbourhood of Dj . Define
hj = ϕ
−1
j |D : D→ Dj .
Note that
⋃
j∈NDj is holomorphically convex and has bounded E hulls.
The space C (D,Rn) is separable, meaning it contains a countable dense subset,
and metrisable. Therefore, the subset F := CMI(D,Rn) ⊂ C (D,Rn) consisting of all
conformal minimal surfaces D→ Rn is also separable. For the notion of separability
coincides with that of second countability for metrisable spaces, and the latter is
hereditary. Let {fj : j ∈ N} ⊂ F be a countable dense subset of F .
Define
f : K =
⋃
j∈N
Dj → R
n, f(z) = fj ◦ h
−1
j for z ∈ Dj,
and
ε : K → R+, ε(z) = 1/j for z ∈ Dj.
By Theorem 6.1 we may find a conformal minimal embedding X : R2 → Rn such
that
‖X(z)− f(z)‖ < ε(z), for z ∈ K.
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Suppose Y : D→ Rn and ǫ > 0 are given. By Mergelyan’s theorem for conformal
minimal immersions we may suppose that Y extends to a conformal minimal im-
mersion on R2. Let B(Y, ǫ/2) ⊂ F be the set of all conformal minimal immersions
g : D → Rn such that ‖Y (z) − g(z)‖ < ǫ/2 for every z ∈ D. Clearly this set is
infinite. Moreover, note that there are infinitely many natural numbers j ∈ N such
that fj ∈ B(Y, ǫ/2) by density. Let j ∈ N be a natural number with fj ∈ B(Y, ǫ/2)
which is sufficiently large so that
ε(z) = 1/j < ǫ/2, for z ∈ Dj .
Then, for z ∈ D we have
‖X ◦ hj(z)− Y (z))‖ ≤ ‖X ◦ hj(z)− fj(z))‖+ ‖fj(z)− Y (z)‖
= ‖X ◦ hj(z)− f ◦ hj(z)‖+ ‖fj(z)− Y (z)‖
< ǫ/2 + ǫ/2 = ǫ.
It follows that we can construct a sequence j1, j2, . . . such that {X ◦ hjk}k∈N → Y
in the C 0(M)-topology, as required.
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